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■ Abstract. Procesi bundles are certain vector bundles on symplectic resolutions of 

', symplectic quotient singularities for wreath-products of the symmetric group with the 

Kleinian group. Roughly speaking, we can define Procesi bundles as bundles on resolu- 
tions that provide derived McKay equivalence. In this paper we classify Procesi bundles 
on resolutions obtained by Hamiltonian reduction and relate the Procesi bundles to the 
tautological bundles on the resolutions. Our proofs are based on deformation arguments 
and a connection of Procesi bundles with Symplectic reflection algebras. 
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1. Introduction 



1.1. Procesi bundles. Let Fi C SL2(C) be a finite subgroup (a so called Kleinian group). 
Such groups are in one-to-one correspondence with simply laced Dynkin diagrams. Fix 
n ^ 1. Then we can form the semidirect product F„ = (3„ k F" that naturally acts on 
■ V := C^" by linear symplectomorphisms. So we can form the quotient variety Xq := V/Tn- 

This variety has an action of by dilations. 
\Q I Now let X be a C^-equivariant resolution of singularities of Xq that is symplectic in 

' the sense that there is a symplectic form on X that extends to form on the regular locus 
^ ■ of Xq. Let TT : X — )• Xq = V/Tn denote the resolution morphism, and r] : V ^ V/Tn be 
the quotient morphism. We remark that vr* identifies C[Xo] = C[V^]^" with C[X]. 

Consider the algebra C[V^]#F„ that is a skew-group algebra for the action of F„ on 
C[V]. We remark that the algebra C[Xo] = C[Vf" is naturally included into C[1/]#F„ 
and coincides with the center of the latter. Also C[l^]#F„ is naturally graded with V* 



. being of degree 1 and F„ being of degree 0. 



By a Procesi bundle on X we mean a C^-equivariant vector bundle V together with a 
C^-equivariant identification End(P) ^ C[V"]#F„ of C[X] = C[1/] '^"-algebras such that 
Ext^{V,V) = for i > 0. Two Procesi bundles V^,V^ are said to be equivalent if there 
is a C^-equivariant isomorphism ^ of vector bundles on X such that the induced 
automorphism of C[V^]#F„ is inner (and from the degree consideration is the conjugation 
by an invertible element of CF„). 

We remark that an isomorphism End('P) — C[y]7^F„ equips V with a fiberwise action 
of F„. It is easy to see that every fiber is a regular representation of F„. So V^" is a line 
bundle. By a normalized Procesi bundle we mean a Procesi bundle V with P^" = Ox- If 
P is a Procesi bundle, then using the natural identification End(P) = End(£®P), where 
£ is a line bundle, we equip C®V with the structure of a Procesi bundle. So any Procesi 
bundle V can be normalized by tensoring it with {V^")~^. 

We remark that two non-equivalent Procesi bundles can be isomorphic as C^-equivariant 
vector bundles. Indeed, one can twist the fiberwise action of F„ by tensoring it with a 
one- dimensional representation. Note, however, that if V^,V^ are two normalized Procesi 
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bundles, then any C^-equivariant isomorphism — )■ will be an equivalence of Procesi 
bundles, we will check it rigorously below. 

In the special case when n = 1 the Procesi bundles are easy to produce. Namely, X 
has to be the minimal resolution of Xq. It is well-known that X can be constructed as 
a moduli space of C[l^]#ri-modules that are isomorphic to CFi as Fi-modules and are 
subject to a (general enough) stability condition. Because of this realization, X comes 
equipped with a tautological bundle of rank |ri| and this bundle is a Procesi bundle 
in the sense explained above, as was checked in [KVj . We remark that the number of 
non-equivalent stability conditions equals \W\, where W is the Weyl group of the Dynkin 
diagram corresponding to Fi. 

Outside of the n = 1 case, the Procesi bundles are hard to construct. The first known 
case was for Fi = {!}, where X is the Hilbert scheme Hilb„ of n points on C^. There 
one can also consider the tautological bundle T but its rank is n instead of n!. A Procesi 
bundle V on X was constructed by Haiman in [HlJ and was used to prove the Macdonald 
positivity conjecture. This bundle V is still related to T: namely, "P®"-! = 7". An 
alternative construction of V was later given by Ginzburg, [Gij . Let us remark that V* is 
also a Procesi bundle (thanks to the isomorphism of C[y]#F„ with its opposite given by 
the identity map on V and the inversion on F^). It is easy to see that V is not equivalent 
to V* and so we, at least, have two different Procesi bundles on X = Hilb„. 

In |BK2j . Bezrukavnikov and Kaledin proved that a Procesi bundle exists on any X. 
We will describe all Procesi bundles on such X provided X is obtained by Hamiltonian 
reduction as explained in the next subsection. Also we confirm a part of |H2t Conjecture 
7.2.13] and investigate some other properties of Procesi bundles. Yet another property 
was recently established by Bezrukavnikov and Finkelberg, [BF] : they checked certain 
triangularity properties of Procesi bundles in the case when Fi is cyclic and generalized 
the Macdonald positivity to that setting. 

We also would like to point out that the notion of a Procesi bundle still makes sense 
if we replace C with an algebra R over a suitable algebraic extension of Z, compare with 
[BK2]. 

1.2. Resolutions via Hamiltonian reduction. One can construct a symplectic reso- 
lution X of Xq := V/Tn using Hamiltonian reduction. In this paper we are going to deal 
with these resolutions, conjecturally there is nothing else. 

We consider the afiine Dynkin quiver Q corresponding to Fi (we have a single loop if 
Fi = {1}). Let denote the extending vertex and 5 be the indecomposable imaginary root. 
Consider the dimension vector v := n6 and the framing vector w := eo (the coordinate 
vector at the extending vertex). Then we can form the representation space 

Uo := RepiQ,v,w) = Homc(C"'("), C^'^f")) © Homc(C'"%00 

aeQi i€Qo 

Home (€"'''('"), C"'^'^'"') © C" 

aeQi 

acted on by G = GL{n6). Set U := T*Uo and consider a generic character 6 of G 
("generic" means that the action of G on t/*'^ is free). The G-action is symplectic and so 
we have a quadratic moment map /i :[/—)■ g. We have a C^-equivariant identification 
Xfj = n~^{0)//G (the actions come from the dilation action on U, V) of Poisson algebraic 
varieties. Also we have a C^-equi variant symplectic resolution X^ := /i^^(0)^^*'^/G Xq. 
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This resolution comes equipped with a tautological bundle T . it is obtained from the 
equivariant bundle with fiber 0jgQj, C""^' ® £;rih* -where G acts on the first factor) on V 
by descent. 

When = 1, we get the minimal resolution of the Kleinian singularity, while for Fi we 
get the Hilbert scheme. 

Let us describe the generic values of 9 explicitly. We can embed the character group 
Hom(G', C^) into the dual ()* of the Cartan subalgebra of the Kac-Moody algebra q{Q) 
associated to the quiver Q: we identify the character detj of taking det of the ith com- 
ponent with the fundamental weight Ui. Then the non-generic values of 9 are precisely 
those that vanish on a positive root a < nS. A connected component of the complement 
of these hyperplanes in will be called a chamber. 

Of course, the resolutions corresponding to stability conditions in the same chamber are 
the same. But also different chambers may give rise to the same resolution. Namely, let W 
denote the Weyl group of the Dynkin diagram of Fi. Then W naturally acts on f)*. Also 
the group Z/2Z acts on [)*: it fixes all finite roots and sends 6 to —5. The resolutions 
corresponding to ly-conjugate stability conditions 9 are the same, see [M]- This also 
should be true for the Z/2Z-action but we do not check this. Finally, the resolutions 
corresponding to 6''s from non-conjugate chambers should be different (as schemes over 
Xo) but we do not check that either (also this should follow from the classification of the 
Procesi bundles). 

1.3. Main results. We write for the resolution of Xq obtained by Hamiltonian re- 
duction with stability condition 9. 

The main result of this paper is as follows. 

Theorem 1.1. There are precisely 2\W\ non- equivalent normalized Procesi bundles on 

xr 

In fact, this theorem remains the same even if we do not consider -equivariant 
structures, see Remark [3.11 below. 

Theorem 1.2. For any generic 9 there is a normalized Procesi bundle V on X^ depending 
on the chamber of 9 with a property that = . 

Let us explain main ideas of proof. We write V^'^^ for the open subset of V consisting of 
all points with trivial stabilizer in F„. Then set Xq^^ := V^'^^ /Tn and X*"^^ := ^^^{Xq^^). 
Clearly, vr : X*"^^ — )■ Xq^^ is an isomorphism. Now let P be a Procesi bundle. It is 
easy to see that Vx^-^a = r]^:{Ovreg). This follows from the (in fact, equivalent) claim is 
that H^{X,V) = C[V] (that, in turn, is a consequence of Endo^(P) = C[y]#F„ and 
Snd{V)e = V, where e stands for the trivial idempotent in CF„). The reason for the 
existence of different Procesi bundles is that codim^ X \ X^'^^ = 1. We are going to 
partially fix this by considering certain deformations X,Xo of X, Xq, respectively, over 
the affine line A^. These deformations will also be obtained by Hamiltonian reduction. An 
important property is that the corresponding resolution of singularities vr : X — )■ Xq will 
be an isomorphism outside X \ X*"^^ that now has codimension 2. Since the higher self- 
extensions of any V vanish and thanks to the C^-equivariance, the bundle V extends to a 
vector bundle V on X. We will see that there are no more than 2\W\ possibilities for the 
C[Xo]-module H^{X, V). This was basically established in |L2] . Since p is an isomorphism 
outside of a subvariety of codimension 2, we see that if i7°(X,'Pi) = if°(X,'P2), then 
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Vi = V2- On the other hand, as we will see, the construction in |BK2] yields 2\W\ non- 
isomorphic Procesi bundles. This basically completes the proof of Theorem 11.11 In order 
to prove Theorem II. 2 [ we will use similar ideas together with an argument due to Etingof 
and Ginzburg, |EG] , that shows that a general fiber of X is the spectrum of the spherical 
subalgebra in a suitable Symplectic reflection algebra. 

1.4. Content of the paper. We prove Theorem 11.11 in Sections [2]l3l In Section [2] we 
prove that the number of different (normalized) Procesi bundles does not exceed 2|iy|. 
The proof is based on a connection between the Procesi bundles and Symplectic reflection 
algebras (SRA) observed in [L2J and the deformation idea explained above. In Section 
[3] we construct 2\W\ different Procesi bundles, the construction is based on an analysis 
of the approach to Procesi bundles from |BK2] . In Section H] we investigate properties 
of Procesi bundles, in particular, proving Theorem 11.21 We also describe the behavior of 
Procesi bundles under parabolic restrictions. This will be used in our subsequent paper. 

Acknowledgements. I would have gotten nowhere in this project without numerous 
conversations with R. Bezrukavnikov. I would like to thank him and M. Finkelberg, I. 
Gordon and M. Haiman for stimulating discussions. Also I am grateful to I. Gordon for 
remarks on a previous version of this text. This work was supported by the NSF under 
Grants DMS-0900907, DMS-1161584. 

2. Procesi bundles vs Symplectic reflection algebras 

2.1. Equivalence of normalized Procesi bundles. Recall that we write r„ for ©^kP" 
and V for C^". Further, Xq denotes the quotient V/Tn and X^ is its C^-equivariant 
symplectic resolution obtained by Hamiltonian reduction. 

The goal of this subsection is to prove that, for normalized Procesi bundles, a C^- 
equivariant isomorphism is the same as an equivalence. In other words, if "P is a normalized 
Procesi bundle, then there is a unique C^-equivariant isomorphism End(P) ^ C[C^"]#r„ 
(modulo inner automorphisms). We write V for C^" and identify V with V* by means of 
the symplectic form. 

Lemma 2.1. The group of outer graded automorphisms of the S{V)^'^ -algebra S{V)^rn 
is isomorphic to the character group ofVn- 

Proof. First of all, given a character x : r„ — > C^, let us construct an automorphism 
a^^ of S{y)ij^Vn- Namely, we set a-x^iv) = v,ax{'y) = x{l)l- This extends to a unique 
(automatically graded) S'(y) '""-linear automorphism of S{V)^rn- To see this we note 
that Siy)^Tn is the quotient of the coproduct SiV) * Cr„ by the relations 7^7"^ = 7(f) 
that are preserved by a^. 

The assignment x ^ (^x defines an injective map from Hom(r„,C^) to the group Out 
of outer graded S'(\^)'""-algebra automorphisms of S(y)^Tn. 

Now let a be some graded S'(V^)'""-linear automorphism of S'(V^)#r„. Let V^^^ = {v E 
V\{^n)v = {!}}• For X G V^'^^/Tn, the fiber {S(y)i^Tn)x is a matrix algebra. So there 
is an open C^-stable affine covering V^^^/Tn = IJi ^« such that the automorphism 
is inner on {S{V)^Tn)ui, say, is given by an invertible element Oj. This defines a 1- 
cocycle ajj := a^aj^ on V^^^/Tn with coefficients in C^, in other words, a line bundle on 
V^'^^/Tn- So we have a map Out — )■ Pic{V^^^ /Tn) which is a group homomorphism, by the 
construction. This homomorphism is injective. Indeed, if a lies in the kernel, then we can 
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choose the elements that agree on the intersections. But since codimy V \ V^^^ ^ 2, 
we see that glue to an element of 5'(l^)#r„ and so a is inner. 

It remains to show that Pic(K''^^/r„) equals Hom(r„,C^). This follows from the ob- 
servation that, since codimy V \ V^'^^ ^ 2, the group Pic(V"^'^^) is trivial. □ 

So if there are isomorphisms End('P) ^ S{V)^Tn (satisfying V^" = Ox) that differ by 
an outer automorphism, then there is a non-trivial one-dimensional representation of r„ 
such that the corresponding component of V is the (equivariantly) trivial line bundle, let 
e' be the corresponding idempotent. We have an isomorphism (e -|- e') End('P)(e -|- e') = 
(e + e')(5(\/)#r„)(e + e') of graded algebras. The left hand side is End((e + e')V) = 
Mat2(S'(y)^"). The component of degree is therefore 4- dimensional. However, the 
component of degree in (e -|- e'){S{V)^Tn){e + e') is 2-dimensional. This contradiction 
completes the proof of the claim in the beginning of the subsection. 

2.2. Universality property for SRA. Consider the universal SRA H for {V, r„) (pre- 
sented by generators and relations below). It is a graded fiat deformation of S(y)^Tn 
over ^(ch)- Here Ch is a vector space with basis q, where i runs over the index set for 
the conjugacy classes of symplectic reflections, and h. For n > 1, we have the following 
classes of symplectic reflections: 5*0 containing all transpositions and Si, . . . , Sr, contain- 
ing elements from non-unit conjugacy classes 5°, . . . , 5° in the n copies of Fi inside F„. 
Below we often write k for cq. When n = 1, the class 5*0 is absent. We write k for cq. 
According to |EGj . the algebra H is the quotient of 5'(ch) <S) T(y)^T by the relations 

k \ 

(2.1) [xii),y{j)] = -2z2 ^i(7a;,l/)sij7w7(}J, 

76ri 

k 

(2.2) [x{i),y{^)] = huJi{x,y) + - ^u;i(x,?/)sij7(i)7(^.J + ^qwi(x,?/) ^ 7(i). 

Here the following notation is used. For 7 G Fi we write 7(j) for the element 7 in the ith 
copy of Fi. For x,y E the notation has a similar meaning, where we view V 

as (C^)®". We write ui for the symplectic form on so that the form on V is w®"'. 

Consider the Hochschild cohomology HH*(S'(V^)#F„), i ^ 0. Each of these cohomology 
groups is graded, the grading is induced by that on S'(y)#F„. The group Hff(S'(y)#F„) 
vanishes in degrees less than —i, this can be computed explicitly, see jL2j for references. 
It follows that S{V)^Tn admits a universal graded deformation H^^ over the algebra 
C[Cu„], where c„„ is the dual of the degree —2 component in HH^(S'(V^)#F). Here we view 
Cun as the space concentrated in degree 2. The universality is understood as follows: for 
any other space c' concentrated in degree 2 and any other graded flat deformation H' of 
S(y)4^T over S'(c') there is a unique linear map u' : Cun — ^ c' and a unique isomorphism 
S'(c') ^s{cun) Hun — > H' of graded S'(c')- algebras that is the identity modulo c', where the 
homomorphism S{Cun) — ^ 'S'(c') is given by u'. 

If F„ 7^ &n, then the module V is symplectically irreducible over F„. It follows that 
c«n — Ch- So H is a universal graded deformation of S(y)^T. We will assume that 
Fi 7^ {1} (this case will be considered in Subsection 12. 5p . Also we will assume that n > 1. 
The case n = 1 is similar to (and simpler than) that one. 

Here is a remark that will be of importance in the sequel. We can define H over 
a suitable algebraic extension R of Z, let H(i?) denote the corresponding i?-algebra. 
Enlarging R if necessary, we can assume that the results on the Hochschild cohomology 
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quoted above hold for H(i?) and so also for H(F) for an arbitrary i?-algebra F. In 
particular, H(F) is again a universal graded deformation of S^(y^)^Tn. 

2.3. Deformation of Procesi bundles and map up. Set X := X^. Let us produce a 
C^-equivariant deformation V of X obtained by quantum Hamiltonian reduction. 

Consider the completed homogenized Weyl algebra A^'^{V) = T(V)[[h]]/ {u®v — v®u — 
huj{u,v)). We have the quantum comoment map $ : g — )■ A^''(V^) induced by the natural 
inclusion of sp(l^) into the second graded component of AhiV). We can sheafify A^''(V") 
to V and get the C^-equivariant sheaf Ahy. We then restrict Ahy / Ahy^{[Q, q]) sheaf- 
theoretically to fi^^{^*y^, and consider the sheaf TTG*{Ahy / Ahy^{[g, g]))'^ on ^~^[i*)//G. 
Here ttg is the quotient morphism. Set Cres '■= I® C/i, where 3 := 0/[g,g] = 'C9° . The 
previous sheaf is that of S'(Cres)-algebras. Then we restrict this sheaf to X^ and complete 
the restriction with respect to p^es-adic topology. The resulting sheaf is what we denote 
hjV. 

The sheaf P is a sheaf of C[[c*g3]]-algebras, flat over C[[c*g^]], complete and separated 
in the c^es-adic topology and deforming Ox in the sense that 'D/tresT^ — Ox- The defor- 
mation T>/hT> is commutative and is a Poisson sheaf of algebras deforming the Poisson 
sheaf Ox- Here we consider the Poisson bracket on V/KD induced by the bracket |;[-, ■] 
on v. We write D for the subalgebra in H^{X,V) of C^-finite elements (=sums of C^- 
semiinvariants). The algebra D can be obtained via Hamiltonian reduction on the level 
of algebras: D = g])]*^, see, for example, [L2l Lemma 4.2.4, Section 

4.2]. 

Now take a normalized Procesi bundle V on X. Thanks to (P2), the bundle V extends 
to a unique C^-equivariant sheaf Vh of right P-modules and the algebra EndvppiVh) 
is a complete C^-equivariant deformation of Endoxi'P) over C[[c*gj,]]. Let H-p be the 
subalgebra of C^-finite elements of EndvppiVh)- Then H-p is a graded deformation of 
Endci^(P) over S{pres)- It follows that there is a unique linear map up : p„„ — )■ pres such 

that Hp = S{pres) ®5(p„,0 H. 

We want to get some restrictions on the map up. For this, let e be the trivial idempotent 
in Cr„. The algebra eHpe is naturally identified with D. Indeed, recall that eV = 
Ox- Both V and eVh are deformations of Ox- Thanks to the cohomology vanishing for 
Ox, these deformations coincide. On the other hand, eErLdx,opp(Vh)e = Endx>opp(ePft) = 
H^{X,V) and so eHpe = D. So we get D = S(p^es)®5(p„„)eHe. The group FT xZ/2Z acts 
on Cres preserving h and acting on 3 as before. The following lemma is slightly rephrased 
|L2t Proposition 6.4.5]. 

Lemma 2.2. Let v : p„„ — )■ p^es be a linear map such that D = S{pun) ®5(pres) ^^e 
(a S'(pu„)-/mear isomorphism of graded algebras that is the identity modulo pun)- Then 
V is an isomorphism. Moreover, any two different v are obtained from one another by 
multiplying from the left by an element ofWx Z/2Z. 

One possible map z/ can be described as follows. Let be the element in 3 corresponding 
to the vertex i in the quiver. Then we can view ei,i = 0, . . . , r, and h as a basis in pres- 
Also we have a basis Ci, . . . ,Cr,k,h as a basis in pH = pun- Form the element c G Cun^CTi 
hj c = h + ^21=1 X]7eS'0 7- representation of Pi corresponding to i, then we 

can consider the element trAr. c G Cun- Then for 1/ we can take the inverse of the following 

map Cfes ^ ^un 

(2.3) h ^ h,ei ^ iiMi c, « 7^ 0, eo i-)- trjvo c — {k + h)/2. 
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2.4. V is uniquely recovered from z/p. 

Proposition 2.3. Let V^,V^ be normalized Procesi bundles on X with z/pi = z/p2. Then 
are equivalent. 

Proof. Pick a generic element a G 3* and consider the corresponding one-parametric de- 
formation X over C. Let V^^rl be the deformations of V^,V^ to X. We claim that 
r('P^) = r(P^) (a C^-equivariant isomorphism of C[X]-modules). Indeed, we have 
^{VDfin = He (a C^-equivariant isomorphism of right eHe-modules) and r('P*) is a 
specialization of T(VD corresponding to the projection C[3*][/i] C[Ca]. The special- 
izations are the same for both i = 1,2 exactly because u-pi = v-pi. Consider the natural 
morphism tt : X — )■ Xq, where Xq is the spectrum of C[X]. Over the nonzero points 
of C, this morphism is an isomorphism because the corresponding fibers are affine, the 
latter follows from the choice of a. Over the zero point, vf is vr that is an isomorphism 
generically. So vf is an isomorphism on the complement of X \ X***^^, a closed subvariety 
of codimension 2 in X. It follows that Vi,V2 are C^-equivariantly isomorphic bundles 
on the complement of X \ X^'^^. It follows that Vi = V2 and hence Vi = V2- By the 
construction, this isomorphism induces the identity automorphism of C[C^"]7^r„. □ 

For the future use, we remark that the argument makes sense over an algebra F over a 
suitable algebraic extension R of Z. 

2.5. Symplectically reducible case. Now let us consider the group F C Sp(V^) that 
is a product of several groups of the form F^.. One way to get such a group is to take 
the stabilizer of some v G V inside F„. We can decompose F as F = ^1^=1 and V 
as V = ^l^i © 1 where V^' is an irreducible F*-module. Then, if we have a C^- 
equivariant symplectic resolution X -» y jV (for example, the product of resolutions of 
individual quotients \^YF*), we can introduce the notion of a Procesi bundle exactly 
as before. We claim, for the product resolution X (where the factors are obtained by 
Hamiltonian reduction), that modulo Theorem ll.H any Procesi bundle on X is obtained 
as a product of Procesi bundles on the factors (clearly any Procesi bundle on y^ viewed 
as a resolution of itself is trivial). 

First of all, let us remark that we still have a universal graded deformation H„„ of 
Siy^jfT. It is obtained as the product of the SRA's H(\/*, F*) (with parameter spaces c^) 
and the universal Weyl algebra over A of the space y^ (and so the space of parameters 
tun for the universal deformation is 0^=^^ ^^)- We still can consider the symplectic 

refiection algebra H for (V, F) that is a specialization of the universal deformation. It 
can be characterized as a unique specialization with the following property: any one- 
parametric deformation H' of S{y')j^Y such that the Poisson bracket on Siy^ induced 
by eH'e is proportional to the standard bracket factors through H. 

Also we can consider the deformations D oi X and D of y jV obtained by Hamiltonian 
reduction. The deformation D still has the compatibility with the Poisson bracket men- 
tioned in the previous paragraph. It follows that the deformation H-p factors through 
H. Lemma 12.21 generalizes to this situation in a straightforward way, the corresponding 
automorphism group is the product of those for individual factors. From here we deduce 
that the map v-p is basically the product of the maps v-pi (more precisely, this is true as 
stated on the affine hyperplane given by = 1). Proposition 12.31 generalizes verbatim 
together with its proof. The claim in the beginning of the subsection follows. 
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3. Construction of Procesi bundles 

The main goal of this section is to produce 2\W\ non-isomorphic Procesi bundles on 
X = following Bezrukavnikov and Kaledin. This will complete the proof of part (1) 
of the main theorem. 

3.1. From Azumaya algebras to Procesi bundles. In this subsection we recall a 
construction of a Procesi bundle on X given in [BK2] . The base field in their construction 
is an algebraically closed field F of characteristic p ^ 0. But all objects we will consider 
are actually defined over a finite subfield of F. We now set V = F^" and let X be 
a resolution of V/Tn obtained by Hamiltonian reduction. As in |BK2j . the superscript 
"(1)" means the Frobenius twist. 

An input for the construction is a microlocal quantization O of A that has the following 
properties: 

(1) The center of O is Fr* Oxw, where Fr : A ^ A^^) is a Frobenius morphism. 

(2) We have a S'(V^^^)'""-algebra isomorphism r(0) = A'"", where A is the Weyl 
algebra of V. 

Let us describe how to recover a Procesi bundle V (on A'-^^; this variety is equivariantly 
isomorphic to A) from O. The push-forward Fr* O is an Azumaya algebra over A(i) (below 
we abuse the notation and write O instead of Fr^, O meaning an Azumaya algebra). Let 
A^^^ denote the formal neighborhood of the preimage of (under vr) in A(i). Then it 
follows from |BK2t 6.2] that 0| splits. Fix a splitting bundle S (recall that it is defined 
up to a twist with a line bundle). Let us produce a bundle Vs on A*^^). Namely, we have an 
equivalence Coh(A(i)) ^ Coh(A(i),0) given by iS ® •. Then the derived global sections 
functor RT gives an equivalence D^{Coh.{X^^\0)) ^ D^(A^"-mod), where A stands for 
the completion of the Azumaya algebra A at G V^^^ with respect to G V^^^-*. Next, 
we have a Morita equivalence between A^" and A^P^: A'"" -mod ^ AT^P^-mod. The 
Azumaya algebra A on V^^^ admits a P-equivariant splitting bundle, say Q, this is shown 
using an argument of the proof of [BK2t Theorem 6.7]. We fix this splitting once and for 
all. So we have an equivalence A7^P„-mod — )■ Coh^'^iy^^^), where V^^^ denotes the formal 
neighborhood of in V'-^\ Let is : D\Coh{X^^^)) ^ D\Coh^"{V^'^^)) be the resuhing 
equivalence. Then we set Vs ■= i5^(Oy(i)#P„). This is a vector bundle on X^^\ this is 
proved completely analogously to a similar argument in the proof of |BK2l Theorem 6.7]. 
We remark that, by the construction, Vs has vanishing higher Ext's and comes equipped 
with an isomorphism End('P5) ^ F[[l^'^^^]]7^P„. Therefore we can normalize S and Vs by 
requiring that V^" is the structure sheaf. The corresponding bundle will be denoted by 

Let us show how to recover an F^-equivariant structure on Vq- For an irreducible 
P„-module A, let Vg := Homr(A,Po) so that Vq = 0^^o ® ^- The bundles Vg 
are indecomposable and have trivial higher Ext's. So, according to jV], each admits an 
equivariant structure, unique up to a twist. It follows that we can extend Vq to a bundle 
Vo on A(i). 

This equivariant structure on Vq is compatible with that on FfA*^^)]. Similarly, we can 
equip Q with an F^ -equivariant structure. We get an equivariant structure on tsi'Po) 
viewed as a F[[V^(^^]]^"-module. Then Lsi'Po) automatically an F^ -equivariant F[[V^*^^)]]- 
module because i-si'Po) ^ torsion-free F[[V^(^^]]-module. This equivariant structure is 
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not unique but the finite part is still F[\^'^^^] ® A^*. The grading on the latter is obtained 
from a grading on A^* and the standard grading on F[V^*^^^]. So the F^-finite part of 

End('Po) = End(i5('Po)) is still F[\^*^^)]#rn but with grading twisted by a suitable one- 
parameter subgroup F^ — > GL(Fr„). Choosing a grading on the multiplicity spaces N in 
'Po = ©at'^o N we can make the identification End(Po) — IF[y^-^)]7^r„ equivariant, 
where we consider the standard grading on the right hand side. 

Remark 3.1. The same argument shows that we do not need to specify the -equivariant 
structure in the definition of the Procesi bundle: the bundle will automatically come with 
such a structure (normalized by the condition that V^" = Ox as equivariant bundles). 

The picture above will be useful to check that different quantizations O give different 
normalized Procesi bundles. The first claim in this direction is below. 

Lemma 3.2. Let 0^,0^ be two Azumaya algebras on X^^^ as before. Suppose that Vq^ 
is equivalent to Vq^. Then 0^ = 0^. 

Proof. Let S^, be the corresponding splitting bundles. We are going to prove that S^* = 
5^*. Namely, we notice that since Vq^ — Vqz, the equivalences : D*(Coh(X*^^))) ^ 
D''{A^") defined by 5* are isomorphic functors. We conclude that k^{S^*) = k'^{S^*) for 
any j = 1,2. But, by the construction, k^{S^*) = Rr{S^ ^ S^*) = Rr{6^) = A^". It 
follows that K^{S'^*) = K^(iS^*) = A'"" = k^{S^*). Since is an equivalence, we conclude 
that S^* ^S^*. □ 

Also from the above construction of a Procesi bundle we see that the indecompos- 
able components of its restriction to X^^^ are (=the restrictions of the indecomposable 
components) are the components of a splitting bundle for O. 

3.2. Construction of O. We are going to construct the Azumaya algebras O by means 
of Hamiltonian reduction. We need to produce 2\W\ different Azumaya algebras (and 
formally even more, they need to be non-isomorphic after the restriction to X^^^). We 
will produce the required number of algebras in this subsection and show that they are 
different in the next one. 

Recall that in |L2j we established an isomorphism eHe ^ D and have produced an 
action of 1^ x Z/2Z on eHe = D by graded automorphisms that was the identity modulo 
the parameters. This was done over in arbitrary algebraically closed field of characteristic 
0, in particular we can do this over Q. By the argument in Subsection 12. 3[ there is 
an isomorphism eH/je ^ D/j (where D/j is defined by means of a quantum Hamiltonian 
reduction over R) produced by a Procesi bundle, for a sufficiently large algebraic extension 
R of Z. Extending R further, we may assume that the W x Z/2Z- action is defined over 
R. So we can assume that the isomorphism eHe ^ D holds over F and we have an action 
oi W X Z/2Z on these algebras by automorphisms. Let us remark that the parameter A 
corresponding to Ha = A^F^ (i.e. k = Ci = 0) has trivial stabilizer in W x Z/2Z. This 
can be either deduced from an explicit description of the action (the action on 3 is as 
described in Subsection 11.21 and h is fixed) or similarly to the proof of [L2, Proposition 
6.4.5]. Our conclusion is that we have 2\W\ different parameters A such that = A'"" 
(that lie in ¥p and are still different for p ^ 0). Now let Oa denote the quantization of 
X obtained by Hamiltonian reduction with parameter A (a microlocal sheaf of algebras). 
Since T{X, Oa) = Da, we are done. 
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3.3. Oa' ^ Oa for A 7^ A'. We are going to show that when A, A' are different W x Z/2Z- 
conjugate parameters, then Oa ^ 6a'. This will complete the proof that Vq^ and Vq^, 
are not equivalent therefore producing 2\W\ different normalized Procesi bundles over 
F (and defined over some finite subfield). This argument was suggested to us by R. 
Bezrukavnikov . 

Recall that A — A' is an element in ¥p (g) X(G), where X(G) denotes the character 
lattice of G. Let us lift it to an element yU G X{G). Then we can produce a Oa'-Oa- 
bimodule Oa,/^ that quantizes the sheaf on X and gives a Morita equivalence between 
the quantizations Oa',Oa. This Oa,^ (or, more precisely, Fr* Oa,^) is a vector bundle on 
that is a splitting bundle for Oa' ^0^(1) O^^^. Therefore Oa,^ is a splitting bundle for 
6a' ®(#) 6^^^. It follows that 6a,/x is obtained from 6a by a twist by a hne bundle, say 
(9^/. Let us show that this is impossible even on the level of Kq. 

The space i^^^(Coh(X*^^))) has a filtration by dimension of support. The multiplication 
by a vector bundle of rank r preserves this filtration and acts by r on the successive 
quotients. In particular, the multiplication by a line bundle is a unipotent operator. So 
one can exponentiate the classes of line bundles to any power. Since Oa,^ is a deformation 
of Ofj_, we see that the class [Fr,, Oa,^] equals [Fr*0^]. The latter equals [C^J-'^/'^pr* O^]. 
Since [Fr* Oj^] is not a zero divisor (Fr* Oj^ is a vector bundle), we see that [0^]^^^ = [O^/] 
meaning that fi = pfi'. A contradiction with A 7^ A' in ¥p. 

3.4. Lifting to characteristic 0. The last step in the construction of a Procesi bundle 
in |BK2j was to lift the bundle constructed in characteristic p ^ to characteristic 0. 
We only need to make sure that under this construction non-isomorphic bundles remain 
non- isomorphic . 

Pick a finite subfield Fg C F such that all 2\W\ Procesi bundles are defined over ¥q. 
Further, enlarge R and q so that F^ becomes a residue field for R, let m denote the 
corresponding maximal ideal. Then thanks to the Ext vanishing, we can lift any Procesi 
bundle V to R^'". Then we can localize to the generic point of i?^". Thanks to |BK2l 
Lemma 6.9], the resulting bundle is defined over a finite extension of Q. 

To check that non-isomorphic bundles V^,V^ remain non-isomorphic we notice that 
that the maps v-pi , i/-p2 remain different under our transformations. Indeed, when we lift 
V from F to i?^", the map v-p also lifts from F to i?^"". The behavior of this map under 
the other transformations is clear. 

Our conclusion is that there are 2\W\ non-isomorphic normalized Procesi bundles over 
C. This completes the proof of Theorem 1 

4. Properties of Procesi bundles 
The base field in what follows is C. We consider a symplectic resolution X = X^ of 

4.1. Restrictions of Procesi bundles. We write P for P^. Pick b G V. We want to 
describe the restriction of a Procesi bundle P to a formal neighborhood X^* of 7i~^{7]{b)), 
where recall rj : V ^ V/T denotes the quotient morphism. The structure of this formal 
neighborhood can be described as follows. First of all, recall that (y/T)^^'-''^ is naturally 
identified with V^^/Ti,. Therefore X^* is a symplectic resolution of V^'^/Ti,. In fact, 
this resolution can be obtained by Hamiltonian reduction. To 77 (p) there corresponds a 
point X G /i~^(0) with closed orbit. Consider the symplectic part = (T^Gx)^ /T^Gx 
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of the slice Gi-module. The Gj^-module still corresponds to a double framed quiver, 
let /i denotes the corresponding moment map. It is easy to see that X^*" is the formal 
neighborhood of the zero fiber in X_ := /i~^(0)^~**/Ga;, where we write 9 for the restriction 
of the original character 6* : G — )■ to G^. 

Our main result in this subsection is as follows. We have a natural map from the space 
CH,b constructed for Ff, to Ch (the element corresponding to a conjugacy class in F;, is sent 
to the element corresponding to the conjugacy class in F containing the class in F;,). For 
example, if Ff, = F„_m x (with n — m,m > 1), then the space Ch,6 is spanned by 
h,ci, . . . ,Cr,k,k' (where k' corresponds to the reflections in &m) and the map sends h to 
h, Ci to Ci and k,k' to k. Similarly, we have a natural map Cres,b = 9x/[9x,Qx] © C/i — )■ 
Cres = 0/[0) 0] ffi C/i induced by the inclusion ^ q. 

Proposition 4.1. Under the identification X^'' = X^^" , we have the isomorphism ofV^*' 
and Homcr6(CF, P^") of the restrictions of bundles to formal neighborhoods. Here V_ is a 
Procesi bundle on X_ that is unique with the property that the following diagram commutes. 




^res,b 



Proof. The endomorphism algebra of V^'' is the completion (SVi^T)^'' of SV^^T at T]{b). 
This algebra is naturally isomorphic to the centralizer algebra Z(T,Tt,, SV^°i^Th), see 
pi 2.3]. Here Z(F, F^, ^1/^«#Fb) is the endomorphism of the right ^1/^o#F6-module 
Homr,(F,^1/^o^Fb), see loc. cit. for details. It follows that P^" = Homr,(F,P') for a 
bundle V on X^». By the construction, we have End(P') ^ SV^°ifTb,ExV{V' ,V') = 
for i > and V'^'' = Ox^o- As above (Subsection 13. ip . we equip V with a C^-equivariant 
structure and extend it to X, getting a Procesi bundle, V. It remains to check that the 
resulting map i/p makes the diagram above commutative and that P is unique with this 
property. 

Let us prove the first statement. We have an isomorphism V^'' = , where V is 
an analog of V for X. This can be established by analogy with |L2t Lemma 6.5.2] or 
from the observations that both sides are canonical quantizations of X'^'' in the sense 
of Bezrukavnikov and Kaledin, |BK1] . see also [L2[ Section 5]. So the isomorphism 
-pAfc ^ Homrj(F,P^°) gives rise to an isomorphism H^*" ^ Z{r, Th, H^°), where the alge- 
bra is defined over S{cu)- By the construction, this isomorphism lifts the isomorphism 
(5y#F)^'' ^ Z(F,F6,5\/^o#Fb). There is such an isomorphism H^'' ^ Z(F,Fb,H^») 
that is 5'(cH)-linear, see |L1] . From the two isomorphisms, we get an automorphism of 
Z(F,F6,H^°) that is the identity on Z(T,Tb, SV^°i^Tb). We can compose this automor- 
phism with an inner automorphism to make it C^-equivariant because the eigenvalues of 
the Euler vector field on the kernel of Z(T, Tb, H^«) ^ Z(F, F^, ^1/^o#Ff,) are all positive. 
It follows that this isomorphism preserves Ch- Since the graded deformations of SV^Th 
are unobstructed, the automorphism of Ch has to be the identity on the image of CH,b- 
This proves our compatibility claim. 

All possible maps z/p are constructed as was explained in Subsection 12.51 Analyzing 
the list, we easily see that only one map makes the diagram in the statement of the 



12 



IVAN LOSEV 



proposition commutative. As we have seen in Subsection I2.5[ the bundle P is uniquely 
recovered from v-p. □ 

4.2. r^-i-invariants. We are going to prove that the r„,_i-invariants in a suitable Procesi 
bundle on coincide with the tautological bundle T. Namely, we will take the bundle 
V such that v-p is the inverse of the map given by (12. 3p . 

For 6, we can have either 6 ■ 5 = Y^^^q^ OiSi > or 6^ ■ 5 < 0. We consider the case when 
9 ■ 6 > Q first. As was shown in [GG], the variety /x"^(0) = {{A,B,i,i)\[A,B] + ij = 0} 
has n + 1 irreducible components. Let A_|_ be the irreducible component, where j = 0, 
and A_ be the irreducible component, where i = 0. 

Lemma 4.2. LetO -6 >0. Then fi-\oy' C A+. 

Proof. Consider a point r = {{A, B, 0, 0)} with generic commuting A, B. The correspond- 
ing representation of the quiver Q is semi-simple, in other words, Gr is closed. The group 
Gr is the center of GL(5)^", i.e., the n-dimensional torus naturally identified with (C^)". 
The restriction of 6 to all copies of is 6 ■ 6. The slice module for r is the sum of a 
trivial G^-module and C"" © C"* = {(i, j)}. Since 9 ■ 6 > 0, the stable points with respect 
to the induced stability condition are those, where all coordinates of i are nonzero, and, 
correspondingly, j = 0. This proves our claim. □ 

Let a G 3* and the one-parametric deformation X of X be as in the proof of Proposition 
12.31 Let T denote the tautological bundle on the resolution. Now consider the variety 
j^reg ._ \^ ^ x^'^^) and the bundle on this variety. The elements a;„, y„ G H 

act on V fiberwise. Let us choose an identification in "P^""^ — (Cr„)^"-^ of modules over 
the centralizer of r„_i in Cr„. This presents Xn,yn as operators A,B on (Cr„)'""-\ For 
i take the image of 1 in Cr„. Then, as Etingof and Ginzburg essentially checked in [EGj 
Lemma 11.15], for x lying over a nonzero point z E there is a unique element j G C"* 
such that {A,B,i,j) G fi~^{z) (here we use the form of u-p). If a; G X^'^^, then it is easy 
to see that C[a;„,y„]l = (Cr„)'""-\ so in this case we have {A,B,i,0) G /i"^(0)^"*'*. In 
particular, we have a morphism l : X^^ — ?■ fi~^{Ca)^^ /G = X given by a; t— ?■ G{A, B, 

Lemma 4.3. The morphism t is the usual inclusion X*'' C X. 

Proof. Indeed, l\x^'> is the inclusion, this is how the identification of Xq = V/Tn with 
H^^{0)//G is constructed. Now our morphism X'''^ — )■ X gives rise to a C^-equivariant 
morphism Xq — )■ Xq of schemes over C that is the identity in the zero fiber. So it is given 
by exp(2;'^^), where ^ is a vector field of degree —2k on Xq (that is tangent to the fibers 
of Xq -» C) and does not vanish on Xq. However any vector field on Xq lifts to a vector 
field on V and there are no nonzero vector fields of degree ^ —2 on V. □ 

By the construction of the morphism l, we get an identification of V^""^ with i*{T) on 
X^^^. But still the codimension of X \ X*"^^ is 2, and so this isomorphism extends to the 
whole variety X. 

Now consider the case when 6 ■ 6 < 0. Then we have /i~^(0)''* C A_. The r„-module 
Cr„ is self-dual and so we can also identify V^"-' with (Cr„)^"-i*. Then we construct 
a morphism l : X^^^ — fi~^{Ca)~^/G in the same way but now we are taking 1 G V^"~^ 
for j. For the same reasons as before, l is just the inclusion, and V^"'^ = t*{T). 

Remark 4.4. One can ask to describe for a Procesi bundle V with different v-pi. 

Recall, see [M], that, for to G W, there is an isomorphism, say cr^ : X^ ^ X""^ of schemes 
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over Xq. By the construction in |L2l 6.4] (in particular, see the discussion after Lemma 
6.4.3 in loc.cit.), one has z/g-^^p = wup. So (cr^*P)^""^ = (Jw*T^- 

Now consider the bundle V' := V* that is also a Procesi bundle (we use a natural 
identification of S'(K)#r„ with its opposite, that is the identity on V and is the inversion 
on r„). We claim that z/p/ = woau-p, where wq is the longest element in W, and cr is a 
generator of Z/2Z. Indeed, we have an anti- automorphism ipofH that is the identity on 
V, the inversion on and maps h to —h, c{s) to — c(s^^) (where c(s) is a basis element 
in c corresponding to a symplectic refiection s) and so coincides with WQa on 3. The right 
module is obtained from the left module (Vh)* by using the parity-antiautomorphism, 
see [L2j . 1) ^ X>°^^. So the endomorphism algebra of is naturally identified with the 
opposite of Endx)opp('P/i). Since H has no automorphisms that are graded, preserve the 
parameter space and are the identity modulo the parameters, we see that the identification 
H-pi = H is obtained from H-p = H by applying the anti-automorphism of H. This implies 
our claim, because the antiautomorphism acts on Ch as aw^. 

Of course, if P'""-! = T, then (p*)^"-! = 7~*. Now we can characterize r„_i-invariants 
in all Procesi bundles on X. 
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